The two-fluid hydrodynamics of Landau and Tisza is related to the thermodynamic Green's function formulation of the many-body problem. A specific approximation for the self-energies yields directly the superlluid hydrodynamics in the limit of slow space and time variation. The approximation chosen is the simplest possible form for the self energies which includes the effects of collisions and which also satisfies the differential conservation laws for the mass, momentum, and energy. Of course these self energies are not adequate for a realistic description of 4He. Nonetheless the structure of this model may provide some insight into the exact theory. For example, in the model employed here the self-energies and Green's functions obey several integral identities which are utilized in the derivation of the two-fluid hydrodynamics, and which yield useful expressions for some thermodynamic quantities. It is speculated that the identities and the consequent expressions for the various thermodynamic quantities may have a wider range of validity than their derivation.
INTRODUCTION
W E examine the nonequilibrium behavior of superfluid systems using the techniques of thermodynamic Green's functions. The standard Green's function methods 1 • 2 have been extensively employed in the determination of the equilibrium properties of the Boson system, and in the response to disturbances which vary relatively rapidly in space and time. 3 -7 However the calculation of the response of disturbances which vary quite slowly In space and time, i.e., the hydrodynamic limit, presents special complications since perturbation theory converges very slowly in this limit. Chapters 6-10 of Ref. 1 outline a procedure which can be applied to derive the hydrodynamic equations as the response of the single-particle Green's functions to an external field. In the long wavelength limit, the response is completely dominated by the flow of conserved quantities, i.e., mass, momentum, and energy. A qualitatively correct description of this flow can only be t National Science Foundation Predoctoral Fellow. t Alfred P. Sloan Foundation Fellow. Presently on leave from the University of Illinois at Cavendish Laboratory, University of Cambridge, Cambridge, England.
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1 Chapter 5 of Ref. 2. obtained if the approximation for the Green's functions is "conserving," i.e., includes the effects of the conservation laws in the sense of Ref. 8. Hohenberg and Martin have computed the density correlation function 9 using the simplest conserving approximation for the one particle Green's function, that of Girardeau and Arnowitt. 10 This approximation however neglects collisions and they recognize that these collisions are necessary to enforce local thermodynamic equilibrium which implies hydrodynamic behavior. The work of Ref. 10 is then unsuitable for an understanding of hydrodynamic behavior; it is instead a discussion of the collisionless (WT» 1) domain. Several recent works u -13 have discussed the differences between these domains.
We use an approximation which is one step more complex than that of Ref. 9 . It is the simplest approximation which includes the two essential features of the hydrodynamic domain: collisions and the conservation laws. It is, of course, far too simple to represent the properties of He II, but we hope that deriving the two-fluid hydrodynamics of Landau 14 • 11i and Tisza 16 from this approximation 8 G. Baym and L. P. Kadanoff, Phys. Rev. 124,287 (1961) . 9 P. C. Hohenberg, thesis, Harvard University (1962) (unpublished).
10 M. Girardeau and R. Arnowitt, Phys. Rev. 113, 755 (1959) .
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will provide some indications of the structure of the exact theory.
In a recent technical report, Bogliubov 17 has described the relation of hydrodynamics to the exact Green's function theory. Our work differs from Bogliubov's in that we are restricted to a specific Green's function approximation. Thus we do not prove that the two-fluid hydrodynamic model is true, but instead attempt to provide a more detailed insight into just how the hydrodynamics emerge. In particular we can see explicitly that the superfluid velocity v. enters the theory as the gradient of the phase of the condensate wavefunction, while the normal fluid velocity v,. enters as a parameter in the solution of the detailed balancing relation.
To obtain the two-fluid equations explicitly we make use of a set of Green's function identities which we believe are new. These "identities" are manifestly true in our approximation but probably have a wider range of validity than implied by our very simple approximation for the Green's function. Further discussion of this point must await further study.
In Sec. 2 of the paper we define the approximation for the condensate wavefunctions ('l1(I» and for the single-particle Green's function. Included in this section are the exact, real time equations of motion for the system. In Sec. 3 these equations are specialized to slow space and time variation, and are then taken as the generalized Boltzmann equations in the sense of Kadanoff and Baym.
1 In this section we must overcome one technical difficulty. As pointed out by Bogliubov 17 and others 12 • 18 the phase of the condensate wavefunction is rapidly varying in space and time, and must be treated with some care. A gauge transformation is made so that the rapid variation can be treated in a consistent way. In the course of performing this guage transformation we are led to introduce v. and the local chemical potential as the space and time derivations of the condensate phase.
In Sec. 4 we show that the conservation laws for mass, momentum, and energy can be correctly obtained from the Boltzmann equations of Sec. 3. Useful expressions for the energy density, energy current, and the stress tensor are obtained by using the Green's function identities mentioned above.
A procedure analogous to that of Chapman and 17 N. N. Bogoliubov, The Question of the Hydrodynamics of the Superjluid Liquid (Dubna, 1963) . We wish to thank Dr. Bogoluibov for sending us this copy of his work. 18 The analogous point for a superconductor was made by V. Ambegaokar and L. P. Kadanoff, Nuovo Cimento 22, 914 (1961) .
Enskog
19 is used in Sec. 5 to obtain what we term the "local thermodynamic equilibrium" solutions of the Boltzmann equation. These solutions are correct in the hydrodynamic limit of extremely slow space and time variation of all physical quantities, i.e., for WT« 1.
The local equilibrium solutions are inserted into the conservation laws in Sec. 6 to obtain the twofluid hydrodynamic equations. In the course of this analysis we use the identities of Sec. 4 to obtain several new expressions which give microscopic identifications of the quantities appearing in the twofluid equations. A particularly useful expression for the entropy is thereby obtained.
GREEN'S FUNCTION APPROXIMATIONS
The superfluid system is conveniently described in terms of the spinor wave field operators 20 : ,vhich are used to define the correlation functions 
The limits on the integrals of (2.3) are those for the time integral. The remaining integrations are over all space. In these equations, u(l) is an external potential coupled to the density which serves to drive the system away from equilibrium, JJ.o is the constant chemical potential for the system, and r (3) is the Pauli spin matrix + iv(I, I')g(l, 1'), (2.5) where tr denotes the matrix trace. We have adopted the convention that at equal times, ( l' ---1 denotes the two-body potential v(l, I'), 1'<Ivv\ 4 denotes the single-particle condensate propagator h(I, 1'), and 1'->---1 the propagator g (1, 1').
2, We use units in which Ii = m = 1.
In Eqs. (2.3) we have defined r(l, 1') = 2:>(1, I') -2:«1, 1'),
a(l, I') = g>(I, 1') -g«I, 1'), (2.6) where and are the remaining parts of the self energies of g and h, respectively.
In our approximate analysis we choose 2: and 8 to be the simplest expressions which contain collisions between particles and satisfy the laws of conservation of mass, momentum, and energy. We include terms of second order in the interparticle potential but exclude exchange terms. This choice g is shown in Fig. 2 and has the analytical form
This approximation has two obvious faults. First since it is only a portion of the second-order term in a perturbation expansion, it cannot be expected to be correct at He II densities. Nonetheless, from the structure of our result we hope to obtain some insight into the structure of the He II theory. Secondly it does not satisfy the Hugenholty-Pines 6 theorem, so the equilibrium single-particle function g will not contain the phonon spectrum at low frequencies and wave number. However as pointed out by Hohenberg in Chap. 4 of Ref. 9, a properly gapless response can be obtained in the densitycorrelation function even from a g which has a gap, if the approximation is conserving.
THE BOLTZMANN EQUATIONS
We specialize the exact transport equations of the system (2.3) to the case in which the external potential varies slowly in space and time. If the external potential induces a disturbance of wavelength much longer than thermal wavelengths and frequencies much smaller than characteristic particle energies, then in the normal system l(1, I') can be expected to vary slowly as a function of and be peaked about the zeros of (3.2) This type of variation was exploited in Ref. 1. to derive a IIgeneralized Boltzmann equation" for the normal system. However in the superfluid there is a special difficulty, If (ir(l» is rewritten in the form (1)<h} and we interpret! tr h'(l, I') \1' . . . . 1 as the probability that a particle, added to the system at the spacetime point (rl' t1), enters the condensed state.
The gauge transformation leaves Eqs. (2.3) form invariant if is replaced by
Since we shall hereafter use the gauge-transformed functions exclusively, the primes will be dropped to simplify the notation. We have also dropped the external potential in (3.8). Our analysis can then be viewed as a description of the system as it returns slowly to equilibrium after being disturbed by the external potential.
To obtain the generalized Boltzmann equations consider the change of variables (1, I') -? (r, t; R, T) according to
where no and <p are real. In equilibrium the gradient is the superfluid velocity, and the time derivative of <p is related to the chemical potentiaP2.11 Extending these identifications to the nonequilibrium sysstem, we identify
where V IPO = O. It can then be seen that <p (R, T) is a rapidly varying function of (R, T) and induces anomolously strong (R, T) variations in the off diagonal elements of h and thus in g. So h(l, I') in the form (3.4) and the related gel, 1') will not satisfy a Boltzmann equation like that of Ref.
1. For this reason we perform a gauge transformation to remove the strong R, T-dependence of <p. Consider the gauge transformed correlation functions (3.6) licl, 1') = e-'9'(I)r C ')it(1, l')e'9'O')r(').
Since we expect the physical quantities hi, g', v., and P to vary slowly as functions of (R, T) we can write generalized Boltzmann equations for these gauge-transformed correlation functions. Notice that h'(I, I') has the form
Notice that it is again possible to split g as
where, if we neglect second derivatives of no(R, T),
The generalized Boltzmann equations are now obtained as the Fourier transforms of Eqs. (2.3) for the case in which the variation of (p, w; R, T) in Rand T is very slow. In particular we assume that and the self-energies vary very little as R is changed by a characteristic excitation wavelength or T is changed by an inverse excitation energy. By using a procedure exactly analogous to that of Ref. 1, Chap. 9, when we take proper account of the matrix character of the correlation functions we find where all quantities depend on (p, w; R, T) and
In these equations we have used the generalized Poisson brackets
and have defined
where P denotes the Cauchy principal value. The Hartree-Fock contributions to the self energies have the form [with the (R, T) dependence suppressed]
The cumbersome matrix form of (3.18) and (3.19) is necessary to avoid the constant term in the lower right-hand element of g«Q, w) which brings in an unwanted term
The remaining terms in our self energy approximation have the form
(3.21)
CONSERVATION LAWS AND IDENTITIES
The differential conservation laws for mass or particle number, momentum, and energy can be obtained by various methods and have as many forms. Since the result of each procedure is correct in the same domain as the Boltzmann Eqs. (3.11) to (3.14), the results must be equivalent. We invoke this equivalence in comparing two of these methods, not only to obtain the conservation laws, but to show that several identities which are important for our analysis appear in a natural way.
The conservation laws can be obtained from the exact transport Eqs. (2.3) in the limit of slow space and time variation, or equivalently, from the generalized Boltzmann equations themselves. It is also possible to obtain the conservation expressions in terms of a "conserving" two-particle Green's function g2' A "conserving" g2 is one which leads to a conserving approximation for g. This will always be true if g2 satisfies is ambigous we pick the ordering which gives the density of particles. Equations (4.1a) are just the exact transport Eqs. (2.3) and condition (4.1b) is satisfied by the two-particle Green's function corresponding to the special self-energy approximation (2.5), (2.7), and (2.8). g2 is shown diagrammatically in Fig. 3 . We outline the procedure leading to the momentum conservation law and its associated identities, and merely state the results for the energy and number conservation laws.
Following the approach of Chap. 10, Ref. 1, the momentum conservation law, written in terms of the conserving two-particle Green's function is
where we have suppressed the CR, T) dependence. In Eq. (4.2) jo and To = + are, respectively, the mass current and stress tensor viewed in a coordinate system moving with velocity VB, and p is the total ma..<;s density. These are conveniently expressed in terms of the Green's functions by
(1,2;1',2')-
NVVV'2 2'-0-,-----2 " .. Alternatively we can obtain the momentum conservation laws from the generalized Boltzmann equations. Take the sum of the second equation in (3.11) and (3.13). Subtract from this the sum of the second equation in (3.12) and (3.14). Multiply the result by P and apply Tr. This yields a momentum conservation law exactly in the form (4.2) except that we find the alternative expression for 'l R' T(g' Since the two different paths must lead to the same result, the expression (4.7) must be the identical to the divergence of (4.6). We are thus led to look into the structure of (4.7) to see if this equivalence can be demonstrated.
The left-hand side is of course proportional to a spatial derivative. In our approximation, :z> and :z< contain neither space nor time derivatives to first order in ('lR, a/aT). Hence the final trace on the right-hand side of (4.7) contains no space-time derivatives. By writing 8) it is possible to divide the first trace of (4.7) into two parts, one containing only space derivatives and the other only time derivatives. The obvious way that we can satisfy (4.7) would be to have the terms containing no derivatives cancel out, (4.9) and those containing only time derivatives also be zero, The arguments leading to (4.9)-(4.11) are only speculative at this point, but represent the motivation for writing them down and considering them to be a reflection of the momentum conservation laws in the superfluid system. The next step is to check these results. The approximations (3.18)-(3.21) for the self-energies are inserted into our proposed relations, and after considerable algebra (4.9)-(4.11) are verified. That is, the cancellation indicated in (4.9) and (4.10) does in fact occur, and the right hand side of (4.11) is seen to be a total derivative. This derivative is just what emerges when our approximate g2 is inserted into (4.6).
The identities (4.10) and (4.11) are quite important in our discussion of the hydrodynamics of the two-fluid system. They appear to fail for high temperatures and strong interactions,22 but we speculate that they may be correct whenever the quasiparticle approximation is valid, i.e., for sufficiently low temperatures or weak interactions, A rather similar, but more complex argument motivates the appearance of identities connected with the differential energy conservation law. In terms of the two-particle Green's functions we obtain
The left-hand side of (4.12) is the time derivative of the energy density and the right-hand side the divergence of the energy current. V is the potential energy density Ii 1, I ) T, (4.13) while Ko is the kinetic energy density in the coor- 22 We are indebted to Dr. G. Baym for pointing out that these identities may not be exact to all orders in the potential at finite temperature. In fact trouhle occurs in the third-order terms. However, according to R. Craig, the identities become increasingly accurate as the temperature approaches zero. dinate frame moving with velocity v.,
14) The term h. = r;; + where Eo = Ko + V, is the energy current viewed in the moving frame. The terms are given by = t Tr (1 + T(3»p(W -p·v. + ,u){(P, w) (4.15) and
The energy conservation law obtained from the Boltzmann equation does not seem to have the form (4.12). However, after considerable manipulation, it is seen that the form is the same as that of (4.12) if the following identities are obeyed: Then making use of our explicit expressions for the self-energies and g2 we discover that (4.17)-(4.19) are indeed true.
Equations (4.18) and (4.19) are two more identities which will prove important in our discussion of the two-fluid equations. They are related to the energy conservation law in precisely the same way as (4.10) and (4.11) are related to the momentum conservation law.
For completeness we note that connected with the number conservation law are the identities These identities ensure the gauge invariance of the previous identities, but will not be important in our later work.
LOCAL THERMODYNAMIC EQUILffiRIUM SOLUTIONS
The Boltzmann equations of Sec. (3) are valid only if g and h change slowly as R varies over distances comparable to characteristic particle wave lengths and as T varies over times comparable to the characteristic inverse particle energies. We now investigate the domain in which g and h vary slowly over distances comparable to the mean free path of a typical excitation and times of the order of the mean free time of such an excitation. Mathematically we require that the space and time derivatives in Eqs. (3.11) through (3.14) be small compared to those terms involving no such derivatives, e.g., that
This hydrodynamic domain (WT « 1) usually has a much smaller domain of validity than that of the generalized Boltzmann equations since the excitations are rather sharply defined in energy. However, very near the lamda point, the Boltzmann equations and hydrodynamic description of the system may have the same ranges of validity, i.e., awaT (5.2)
In the hydrodynamic limit the generalized Poisson bracket terms, containing space and time derivatives, are negligibly small and Eqs. Before considering the consequences of (5.5) further we first turn to Eq. (5.4).
In the usual theory for the normal system, Eqs. (5.4) would have a solution in which the spectral weight function a(p, w; R, T) would be determined by equations exactly analogous to those of the equilibrium theory, i.e.,
Then since a(p, w) satisfies a dispersion relation,
(5.7)
It can be seen that (5.6) and (5.7) explicitly satisfy (5.4) rewritten in the form
if we allow, a, g-o\ Re r, and Re g to depend on Rand T. Also in the normal system theory the terms on the right-hand side of (5.4) must vanish. This is the mathematical statement of detailed balance. If we consider in the superfluid system that the right-hand side of (5.4) represents the net rate of change of the density of particles with momentum p and energy w at (R, T) then in local thermodynamic equilibrium
(5.8)
Since we can always write .
g>(p,w;R, T) = f(p,w;R, T)a(p,w;R, T),
we find that (5.8) can only be satisfied if the detailed balancing relations
are satisfied. Detailed study of the structure of the approximation for in Eq. (3.20) indicates that a general expression for f(p, w; R, T) is
By analogy with the equilibrium solution we interpret !3(R, T) as the local inverse temperature in energy units, and vCR, T) is an arbitrary vector with dimensions of velocity . We shall find in Sec. 6 that vCR, T) can be interpreted as the nonnal fluid velocity.23 The usual normal system f(p, w; R, T) contains IL(R, T) in the exponential. This term is not present in (5.11) since the number of excitations is not conserved. The macroscopically occupied condensed state acts as a particle sink. Expressions (5.6), (5.7), (5.9)-(5.11) define the solution to the Boltzmann equations for in local thermodynamic equilibrium and allow simplification of (5.5).
Using ( Phys. 34, 667 (1962). to (v .. -v,) as (6.3) with P .. being a function of IL, {j, and (v" -V,)2. Also, the stress tensor is required to have the form (To)k, = + = P6kl + p" (v, , )I' (6.4) That the P in (6.4) has the physical significance of the pressure is indicated by the thermodynamic relation
where (J is the temperature and s is the entropy per unit mass defined by
Finally the energy current must be
where P. = P -P .. is the superfluid density.
To complete the description of the connection between our approximation and the two-fluid hydrodynamics, we must indicate how our equations imply the relations (6.3)-(6.7).
The first question to be considered is the dependence upon v" and v,. Notice that g>(p, w') and g«p, w'), with w' = w + p·v., are propagators viewed in a system moving with velocity v,. We should therefore expect that the propagators depend only on (v" -v,) , not on v" and v, independently. To check this, note that [-r(3) wJJ}. (6.11) The _r(a) has been inserted inside the logarithm in order that this term will vanish at w = -cx).
This permits an integration by parts in the first term of (6.9) and with the definition
+ I'dp (6.18) and we also see that the stress tensor is of the form (6.4) with (6.19) The differential of I is (6.20) so that (6.19) implies that dP has the form (6.5) with the entropy per unit mass s given by pes = ! Tr {:! [' " -p·(v .. -v.) ]x}. (6.21)
At this point, only Eqs. (6.6) and (6.7) remain unverified. By adding (6.18) and (6.19), and using the definition of the entropy we find d{Eo + P -p,p -pes -P .. (v" -v.) The enthalpy, Eo + P, is then defined by integrating (6.22) and choosing the constant of integration to be zero. We then obtain Eq. (6.6). The last step is to notice that (6.21) and (6.15) imply (6.7). We nally conclude that the identities of Section (4) include all of the thermodynamics of the two fluid model.
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APPENDIX: QUASI-PARTICLE EXPRESSION FOR THE ENTROPY
In this appendix we investigate the relationship of Eq. (6.21) with the standard quasi-particle expression for the entropy. To facilitate the discussion, we handle v" -v. in a slightly different manner than that used in Sec. 6. In Sec. 6 we took g;l (A.6) where in (A.6) the square root is taken to be positive. Since Re Z(p, "') is positive for small "', the imaginary parts of the logarithms in (A.5) are determined by the sign of A. Because of the simple structure of the integrand in (A.5), it is useful to define the quasi-particle energy E(p) (assumed unique) to be the value of the square root in (A.6) which for a given p makes A+ = OJ i.e., a", so that we obtain the standard result J d3p p8 = -k (211"t {f(",) log f (",) -[1 + f(",)] log [1 + f(",)]l.,-E(p)-p' (vn-v.) , (A.9) where k is the Boltzmann constant.
Precisely the same argument can be applied to the derivation of the other quasi-particle results. 
